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We study the existence and the properties of continuous maps between metric spaces that
have the property to preserve the length of curves. We call a map that preserves the length
of all rectifiable curves a weak path isometry, and a map that preserves the length of all
curves a path isometry.

Using the machinery of homotopy principle, Gromov showed that every Riemannian
manifold of dimension n admits a weak path isometry into the n-dimensional Euclidean
space. Later, Petrunin extended Gromov’s result to a more rigid class of maps, called
intrinsic isometries, which have the property to preserve the length of all curves. In his proof
of Gromov’s rumpling theorem, Petrunin also proposed an alternative approach that does
not rely on the homotopy principle. He constructed a weak path isometry between the 2-
dimensional sphere and the Euclidean plane by using a sequence of piecewise distance
preserving maps, as these maps are weak path isometries.

Path isometries are by definition also weak path isometries. However, the converse may not
be true in the general setting of metric spaces, as shown by the identity map between the
standard sub-Riemannian Heisenberg group and the standard Riemannian Heisenberg
group. The main contribution of this work is to show that this may also occur for Riemannian
manifolds, as there exists a weak path isometry from the Euclidean plane to the Euclidean
plane that maps the von Koch snowflake to a single point.
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