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The Potts model is one of the most widely celebrated models of statistical me-
chanics, with the special case of the Lenz-Ising model having earned the moniker
”the workhorse of statistical mechanics.” From a mathematical perspective, this
model carries rich enough behaviour to force the development of robust, general
methods, while remaining simple enough to make analysis tractable.

In this thesis, we study the Potts model through its random-cluster repre-
sentation, in which case the ferromagnetic phase transition of the Potts model
translates to a percolation phase transition of a random graph. In particular,
we investigate the rigidity of the Potts phase transition in three directions:

First, we home in on the Lenz-Ising model and prove that not only can the
ferromagnetic phase transition be seen in the random-cluster model: It is also
reflected in the high temperature and random current representations of the
Ising model.

Second, we explore the random-cluster model at the point of phase transition
in two dimensions. Where the phase transition is known to be continuous on
the square lattice, we prove that its large scale geometry is universal across a
large class of planar graphs. As a corollary, one obtains that any scaling limit
of the model on such graphs must be rotationally invariant.

Finally, we study the Potts model in an external field and the corresponding
Kertész line, separating a regime of percolation of the random-cluster model
from a regime of non-percolation. In the thesis, we prove that the Kertész line
is a continuous curve, provide novel upper and lower bounds on it and prove a
Lee-Yang type result to the effect that the percolation phase transition does not
correspond to a thermodynamic phase transition once the field gets sufficiently
strong.
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