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This doctoral dissertation is concerned with the study of the behaviour of models of
Statistical mechanics far away or near criticality. We essentially focus on two instances of
such models, namely the FK percolation and the Potts model. We investigate two theories
developed to study these models in such non-critical regimes: the phase separation theory
and the Ornstein—Zernike theory. While the former is concerned with the study of the
coexistence of distinct phases in supercritical spin models, the latter is a tool allowing to
understand the fine behaviour of correlation functions for models in which exponential
decay of correlation hold; in the case of FK percolation, this is the whole subcritical regime.

The thesis contains three separate works providing original research contributions to these
two problems.

The first contribution — based on a research article in collaboration with Romain Panis —
is concerned with the study of the phase separation problem for random walks. Indeed,
this work is devoted to the study of the behaviour of a (1+1)-dimensional model of random
walk conditioned to enclose an area of order N*2. Such a conditioning enforces a globally
concave trajectory. We study the local deviations of the walk from its convex hull. To this
end, we introduce two quantities — the mean local roughness MeanLR and the mean
facet length MeanFL — measuring the typical transversal and longitudinal fluctuations
around the boundary of the convex hull of the random walk. Our main result is that

MeanFL is of order NA{2/3} and MeanLR is of order N*{1/3}. This model is intended to be a
toy model for the interface of a two-dimensional statistical mechanics model (such as the
Ising model) in the phase separation regime — we discuss this issue at the end of this
work

Our second contribution regards the study of a finite system of long clusters of subcritical
2-dimensional FK-percolation with g = 1, conditioned on mutual avoidance. We show that
the diffusive scaling limit of such a system is given by a system of Brownian bridges
conditioned not to intersect: the so-called Brownian watermelon. Moreover, we give an
estimate of the probability that two sets of r points at distance n of each other are
connected by distinct clusters. As a byproduct, we obtain the asymptotics of the probability
of the occurrence of a large finite cluster in a supercritical random-cluster model. The
proofs heavily relies on Ornstein—Zernike theory for non-independent systems of
interfaces.

Finally the last contribution of this doctoral dissertation — based on a research article to be
written in collaboration with loan Manolescu — regards an extension of the Ornstein—
Zernike theory to the near-critical regime of FK percolation. In particular, the formula
shown to drive the behaviour of the two-point correlation function of the model is uniform in
p < pc. The analysis is carried out by studying the renewal properties of a subcritical

percolation cluster, at the scale of the correlation length. In particular, we show that the
uniform probability of crossing boxes at the scale of the correlation length is sufficient to
obtain the required mixing properties of the underlying renewal process. We also derive
the Brownian asymptotics for long subcritical clusters, uniformly in p.
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